Abstract. In this paper we develop a technique for avoiding the order reduction caused by nonconstant boundary conditions in the methods called splitting, alternating direction or, more generally, fractional step methods. Such methods can be viewed as the combination of a semidiscrete in time procedure with a special type of additive Runge-Kutta method, which is called the fractional step Runge-Kutta method, and a standard space discretization which can be of type finite differences, finite elements or spectral methods among others. Spectral methods have been chosen here to complete the analysis of convergence of a totally discrete scheme of this type of improved fractionary steps. The numerical experiences performed also show the increase of accuracy that this technique provides.
Introduction
Splitting, alternating directions or fractional steps [21, 16, 27] are well-known key words which refer to efficient discretization methods for complicated problems of mathematical physics in several variables. Such methods provide strong reductions of computational cost with respect to other classical, explicit or implicit methods. Beginning from the seminal works of Douglas, Peaceman and Rachford (see [14, 15, 24] ), many authors extended and improved these methods, but most of them were developed and analyzed in close relation with specific classical evolutionary problems and using the concrete properties of their solutions. Soon it was seen that these kinds of methods suffer order reductions if they are used to integrate problems with time dependent boundary conditions (see [17] ); in order to avoid such reductions, the authors introduced corrections in some classical alternating direction schemes, which consist of modifying suitably the boundary conditions that the original methods suggest for their internal (fractionary) steps. The first idea which naturally arises for choosing boundary conditions in the internal steps comes from viewing the solutions of these steps as approaches in intermediate times between two time levels, but the evaluation of the boundary conditions at these intermediate times to define the internal steps is not necessarily the best option.
This order reduction drawback is also present in other classical discretization methods of initial boundary value problems with time dependent boundary conditions, for example, those derived from the combination of a Runge-Kutta method and a finite difference or finite element method to discretize the time and spatial variables, respectively. Such reductions have been deeply studied (see for example [4] , [6] , [22] , [26] ) and recently, Alonso-Mallo and Cano ( [2] , [3] ) have developed and analyzed a technique which can be used in Runge-Kutta or Rosenbrock methods to avoid such order reduction. This technique also consists of modifying cleverly the boundary conditions naturally associated with the internal stages of these methods. This method has two great advantages: Firstly, the computational cost of modifying the boundary values is very cheap, compared with the cost of a complete stage. Secondly, only few changes are necessary in a standard software to accomplish these modifications (cf. [10] , [20] )
In this paper we prove that a similar technique can be implemented successfully to avoid these order reductions in the integration of initial boundary value problems with evolutionary boundary conditions with schemes of type alternating directions, splitting or fractional steps. The key for getting this in a unified way departs from the works of Jorge [18] and Jorge and Lisbona [19] , where they prove that a method of these types may be viewed and analyzed as a combination of a standard spatial semidiscretization scheme and a time integration process which uses a special kind of additive Runge-Kutta method [13] . Such methods are called fractional step Runge-Kutta methods and we will refer to them as FSRK methods (see also Jorge and Bujanda [8] ). These ideas have permitted not only the analysis of classical alternating direction, splitting or fractional step schemes in a unified way, but also their application to other problems as well as the development of new higher order fractional step schemes (see [9] ).
For carrying out the development and analysis of our schemes, we will first consider, in the next section, an abstract initial boundary value problem formulated as an operational differential problem. Then we will study the convergence of a fractional step Runge-Kutta time semidiscretization, with improved boundary conditions for its internal stages. We prove in Sections 3 and 4 that such improvement permits that the method not have order reductions due to the influence of the boundary conditions.
The second discretization stage that we have performed to arrive at a numerical method consists of discretizing in space the stationary problems resulting from the application of an FSRK method to the continuous problem. Spectral methods have been chosen here due to their facilities for reaching high orders of convergence. Section 5 is devoted to the analysis of the fully discrete schemes derived of the use of a spectral method for the spatial discretization. More classical spatial discretization procedures can be seen combined with FSRK methods in [11] and [12] .
Some numerical experiences are shown in Section 6 in order to illustrate the improvements provided by the technique introduced here of modifying the boundary conditions of the internal stages. Finally, some conclusions are made in Section 7.
Notation and preliminaries
Let X and Y be two Hilbert spaces. The scalar product in X is denoted by
We study in the present paper full discretizations of the abstract nonhomogeneous linear initial boundary value problem (2.1)
In practice, X is a space of functions defined in a domain Ω ⊂ R 
We make the following hypotheses: (A1) The operator −A 0 is maximal and coercive, i.e.,
For instance, these hypotheses are satisfied when (2.1) is well posed in the sense defined in [23] .
Since we are interested in approximations of high order, we make the following hypotheses of regularity of the solution of (2.1): There exists an integer number r ≥ 1 such that
We remark that the assumption (2.2) implies that the time derivatives of the solution are regular in space, but without imposing any restriction on the boundary values. In fact, Theorem 3.1 in [1] shows that (2.2) is satisfied when the data u 0 , f and g are regular and the boundary values ∂u 0 , ∂f (0) and g(0) satisfy certain natural compatibility constraints. As a consequence, we obtain
and by applying the boundary operator,
These boundary values are used in this paper in order to define suitable boundary values of the internal stages of a fractional step Runge-Kutta (FSRK) method. Notice that the right-hand side of (2.4) is given only in terms of the data of (2.1).
Since we want to use FSRK methods for the time discretization of (2.1), we suppose that
For example, following the classical alternating direction framework, m will be the spatial dimension of the original evolution problem (d) and operators A i will contain the partial derivatives with respect to one of the spatial variables x 1 , x 2 , . . . , x d . The techniques in this paper require that we also assume that 
Ker ∂ i and the assumptions (A1) and (A2) also hold for each pair of operators
with vanishing boundary ∂ i , the following hypotheses hold:
(A1i) The operator −A 0,i is maximal and coercive, i.e.
For the time discretization of (2.1) we consider a special type of s-staged additive Runge-Kutta method with Butcher's table
and
T , for l ≥ 0, and by I the s-dimensional identity matrix. From now on, we suppose that (2.7) has classical order p; we remember [18] that the order conditions 8) are necessary and sufficient so that (2.7) has classical order p when it is applied to a linear nonhomogeneous ordinary differential equation with time independent coefficients similar to (2.1).
We also use the stage order of (2.7) as the maximum integer positive number q such that
This definition of stage order is similar to the one used for Runge-Kutta methods. We remark that this stage order is usually very small for known FSRK methods, usually 0 or 1. As a consequence, an FSRK method may suffer a severe order reduction when the solution does not vanish at the boundary and the time stepsize is not too small. In this paper we use a similar technique to [2] and [3] to avoid this trouble.
For n > 0 integer, if we consider a constant time step k > 0, we take t n = nk ≤ T . The application of an additive Runge-Kutta method, given by (2.7), to discretize in time (2.1), permits us to obtain approximations u n of the exact solution u(t n ) by using the following process:
Firstly, for the internal stages, we obtain the equations
T , the vector of internal stages,
are the boundary values. The time semidiscretization is achieved with the final equation of the additive Runge-Kutta method,
If we want to obtain from an additive Runge-Kutta method the cost reduction typical of the fractional step schemes and preserve the unconditional convergence properties of classical implicit methods, the following restrictions on the coefficients of this method must be imposed: Definition 2.1. A fractional step Runge-Kutta method (FSRK) is an additive RK method satisfying (2.10)
Using these coefficient restrictions and the properties of the operators A i in [18] , [8] , it is proven that the calculus of (2.9a), (2.9b) has a unique solution. Besides, such a solution can be bounded independently of the size of k for those FSRK methods which have all of their stages implicit (i.e., m l=1 a l,ii > 0 for i = 1, . . . , s) or those FSRK methods which have only the first stage explicit and a suitable last stage. These two cases contain most of the interesting classical and modern fractionary step schemes.
Consistency of the time semidiscretization
Now, we study the behaviour of local errors of the semidiscrete method defined by (2.9a) and (2.9b). We denote by
T and u n+1 the values that satisfy (2.9a) and (2.9b) with u n = u(t n ). Then, the semidiscrete local truncation error in t n is defined by
Since U n are approximations of
T . As we will see later, this choice is related to the usual full discretization of (2.1) by using the method of lines. However, with this choice, the order of the FSRK is only achieved when the solution satisfies certain artificial conditions at the boundary. Let us see how to avoid this order reduction phenomenon. We define
for each j ≥ 0 and 1 ≤ n ≤ N and we consider the boundary values 
where q(j) = min {p, q + j}, and the constant C depends only on the smoothness of u and the FSRK method.
Proof. First, we take j = 0 and we use
i,n to get
n be the value given by
n .
By expanding into Taylor series, δ [0]
n is given by
n and subtracting (3.4) from (3.5),
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Therefore,
for k > 0. On the other hand, since the FSRK method has order p,
where we have used the order conditions b
Subtracting (2.9b), with u n = u(t n ) and
n as internal stages, from (3.6), we get
Using the coefficient restrictions (2.10) and the properties of the operators A i , for more general initial boundary value problems, it is proven in [18] and [8] that the operator
is bounded independently of the size of k, for two special classes of FSRK methods which includes most of the interesting classical and modern fractionary step schemes; from this, we obtain that ρ
n , (3.8) whence, by subtracting (3.2) from (3.8),
We deduce from (3.6) that u
n . Now, we estimate the last term in the previous formula.
where we have used the order conditions (2.8). Therefore, we obtain by using a recursive argument
We subtract (2.9b), with u n = u(t n ) and (3.3) as boundary values of the internal stages, from (3.11) written in the reversed order, and we get using (3.10)
In order to illustrate how this process works, we consider now a single example of the FSRK method which comes from the classical alternating direction method of Peaceman and Rachford [14, 15, 24] and which may be used for the time discretization of (2.1). This method is given by the array The corresponding system of equations for the internal stages [U
T may be written as
where, to obtain a unique solution, we need to assign the boundary values
(Notice that, since the first internal stage U 1 n is explicit, its boundary value is not necessary.)
The time discretization is achieved with the final equation
(Observe that, for this method, u n+1 = U 3 n .) This method has classical order p = 2 and stage order q = 1. In order to define the suitable boundary values of the internal stages, we consider
Our results prove order 1 when G
. Notice that these boundaries make sense because of (2.6) . In fact, to obtain these boundary values in practice (without knowing the exact solution u), some trick must be used. It happens in many cases that, whenever v ∈ D(A 2 ), it is possible to calculate
(Look at Section 5.1 in order to understand the hypotheses being made in that particular example.) In such a way, just ∂ 1 u(t n ) is needed to calculate ∂ 1 A 2 u(t n ) for the second stage, and just ∂ 2 u(t n+1/2 ) is needed to calculate ∂ 2 A 1 u(t n+1/2 ) for the third stage. For the rest of the terms needed, as it is usually not possible to calculate ∂ i A i v in the same direct way, the decomposition A = A 1 + A 2 must be used, together with the fact that Au = u − f . Therefore,
and from here the entire stage boundaries (3.14) can be calculated. For example, when the boundary data are ∂ 1 u(t) = g 1 (t) and ∂ 2 u(t) = g 2 (t),
Remark 3.2. In other cases more iterations to the stage boundaries would be needed to achieve the optimal order. It is important to notice that (2.3), together with (2.5), the commutativity of the operators {A i }, and the hypotheses that
make that it is possible to calculate the stage boundaries from the given data f and g. It is also remarkable that the hypotheses (3.15) can be assumed in most applications. Note also that, although operators A i do not commute, it will always be possible to calculate G [1] which ensures, at least, one order of improvement with respect to the one obtained with the classical boundary conditions, G
[0] .
Stability and convergence
In order to obtain convergence to the solution of the continuous problem (2.1), for the semidiscrete solutions obtained with an FSRK method described by (2.9a), (2.9b) with the coefficient restrictions (2.10), the consistency properties studied in the previous section must be accompanied by suitable stability properties. In this context, the classical concept of 0-stability is not applicable due to the fact that operators A, A i are generally not bounded. The natural stability requirement for our semidiscrete solutions is the preservation of the contractivity of the solutions of the continuous problem (2.1). This means that any two solutions u(t) and v(t) of the same problem (2.1), obtained by choosing two initial conditions u 0 and v 0 ,
respectively, verify that u(t ) − v(t ) ≤ u(t) − v(t) , ∀t ≥ t.
The preservation of this condition for our semidiscretization schemes means that
and for any two sequences {u n } n and {v n } n generated with the same scheme (2.9a), (2.9b), from different initial values u 0 and v 0 , respectively. If the set of operators
is commutative, then the difference of numerical solutions u n −v n satisfies the recurrence relation
is called the amplification function associated to the FSRK method. In this case, it is clear that the preservation of the contractivity for our FSRK schemes is equivalent to the transition operator is a contraction in X, i.e., , where β is a positive constant independent of the size of k. In [8] , the authors face a more general evolutionary problem where the operators A 0,i may change smoothly in time. In these cases a weaker stability result is obtained because the constant β may have negative values, but this property is also sufficient to obtain convergence for the corresponding semidiscretization procedures, in finite intervals of time. For proving these stability results in such a quite general context, the holomorphic functional calculus in several variables is a strong tool. The penalty to pay is that the commutativity on the operators A 0,i is a restriction difficult to overcome for theoretical proofs. Nevertheless, practice shows that this restriction is not necessary to get numerical stability. In [7, 9] the authors perform several examples considering noncommuting operators A 0,i and numerical stability still remains.
The combination of the stability result (4.2) with the consistency result given in Theorem 3.1 permits us to obtain, via a well-known recurrence reasoning, the following convergence result. 
where q(j) = min{p, q + j}, and the constant C depends only on the smoothness of u and the coefficients of the FSRK method.
Full discretization
In this section we describe the space discretization of the elliptic problems which define each of the stages in (2.9a) , and we analyze the error committed with the full discretization in space and time. We have considered spectral methods for the full discretization because they are very suitable for noncomplicated domains (as the ones in which we are interested in order to apply the advantages of fractional step Runge-Kutta methods) and because they are extremely accurate for regular solutions in such a way that, in the numerical experiments, the avoidance of order reduction in time is revealed even in the case of choosing few nodes for the spatial discretization.
5.1. Spatial discretization. Now we describe how the spectral method works to integrate an elliptic problem of the form Imitating the weak formulation of (5.1),
the following is imposed:
where (·, ·) J is the Gauss-Lobatto quadrature rule in Ω. That can be seen to be equivalent to the collocation method
Then, in [5] , it is proved that
where {y j } are the Gauss-Lobatto nodes. Therefore, applying Fubini's theorem, and the fact that the Gauss-Lobatto rule given by ·,
Making afterwards the full discretization of the parabolic problem, the most important values are the interior ones. Therefore we shall denote as R 1,J the polynomial which belongs to X J = Π J ∩ H 
where .5) is enough to determine the (J − 1) × (J − 1) interior values in which we are interested.
Analysis of full discretization.
As the values on ∂Ω are already known for the exact solution, the internal stages in (2.9a) must be discretized taking into account that we are just interested in the values of u n in the interior nodes of Ξ J . From the previous section, if U n,J,0 , u n,J,0 ∈ X J are the approximations to U n in (2.9a) and u n in (2.9b) in the interior nodes, then
Remark 5.1. Because of the form of fractional step methods (2.10), whenever B i,J ∂ i U n,l has been needed for one of the stages, no other B j,J ∂ j U n,l is needed for j = i in the following ones.
The following lemma will be used to assure that (5.6) is solvable and the operator (
This statement is straightforward in case the method is A-stable and all the stages are implicit. The case in which the first stage is explicit is also interesting and must be studied with more care. That has already been done in [8] . 
As a consequence, if {a jm } are the Gauss-Lobatto rule coefficients in Ω (a jm = a j a m , {a j } Gauss-Lobatto coefficients in [−1, 1]),
Here we have used that
] is a polynomial of degree ≤ 2J − 2 in the variable x and the Gauss-Lobatto rule integrates it exactly. Finally, as the coefficients of Gauss-Lobatto are positive [25] , (5.8) is saying that
As 
3) produces an estimate of the solution at the interior of Ω and at time t n (u n,J,0 ) such that
Proof. For g ∈ L 2 (∂Ω), let I J g be the interpolant of g at ∂Ω ∩ Ξ J , which vanishes at
• Ω ∩Ξ J . Let us also define the set of polynomials of degree ≤ J,
as the solution of
On the other hand, fromŪ [j] n in (3.7) (denoted asŪ n for simplicity),ū n is defined asū
The proof is then based on the decomposition
where R J u is the elliptic projector operator which solves, according to the spectral discretization in use,
That is to say, the operator
Because of classical results in [5] ,
Therefore, it suffices to estimate the second brackets in (5.10), for which that is decomposed as
Then, because of the definition of local truncation error ρ n , (5.13) and Theorem 3.1,
To bound the second parentheses in (5.14), let us apply R J to (3.7) and we get that
Then,
On the other hand,
Because of (5.13) and the definition ofŪ n in (3.7),
It is also true that
and from here, attending to (5.3) and (5.13),
(5.18)
Using now (5.15), (5.17), (5.18 ) and the uniform boundedness on J and k of ( [8] , [18] ,
As for the third term of (5.14), subtracting (5.6) from (5.9), we get that
Now, (5.13) implies that
Using again that
and as a consequence,
where
Using a recursion argument,
because of (4.2).
Remark 5.4. In practice, it happens many times that for moderate stepsizes k n , the global error behaves in this way:
The reason for that was studied for Runge-Kutta methods in [22, 26] and it was mainly due to a summation-by-parts procedure which could be applied to the equivalent form of (5.20) for those methods. The same behaviour is observed for fractional step methods.
Remark 5.5. The analysis carried out here for spectral methods can be extended easily to other spatial discretization methods. For example, if finite differences were considered, it would suffice to substitute in (5.5), (5.12) the operators P J , R J by suitable restrictions to the corresponding nodes and A J,0 , A i,J,0 , B i,J by the corresponding matrices which result after the discretization of the elliptic boundary problems (5.11), (5.1). The error bounds obtained for (5.20) would depend on the particular methods considered.
Examples and numerical experiments
To illustrate the results of the previous sections, we have performed some numerical experiments using the full discretization Spectral/FSRK described in (5.6)-(5.7). We have considered the problem As a first FSRK-method, we have considered the array (3.13). This method has stage order 1, according to (2.9) and classical order 2. Its amplification function is
With the most natural boundary conditions for the stages (G
n ), the bounds in Theorem 3.1 and Remark 5.4 give order 2 for the local error and (a bit heuristically) for the global error. However, a better order can be observed with the boundary conditions for the stages G [1] n . In this case, the bound gives order 3 for local error and (a bit heuristically) for the global error. Table 1 shows the order for local error by integrating till time T = k with timestep k = 1/n and measuring the error at that particular time in L 2 -norm approximated by the Gauss-Lobatto quadrature rule. Table 2 does the same for global error integrating till time T = 1 and measuring the n and G [1] n . error just at that final time. The orders observed are the expected ones. The only thing to notice is that the global order for G [1] n is not as high as 3 for the smallest values of k. That corresponds to the fact that, for a fixed value of J and k small enough, the stiffness of the problem does not cause order reduction and the analysis can be done in the classical way. Consequently, no numerical order reduction will be observed in this case.
When looking at the size of the errors, the fact that the order is higher in general for j = 1 leads to much smaller errors when k is smaller. That can be observed in Figure 1 , in which the L 2 -norm is represented against the timestep. Tables  3 and 4 show. With G [1] n , theorems give order 2. In practice, the order is even a bit higher for the biggest values of the stepsize. With G [2] n , the expected order 3 for n , G [1] n and G [2] n . n and G [1] n , method (6.1) and stage boundaries G [0] n , G [1] n and G [2] n . both local and global error is observed in the tables. So, through the techniques of this paper, the classical order of the method has been reproduced for global error.
In Figure 2 , we again represent global error against the timestep. The results for G [0] n and G [1] n are again represented by circles and crosses, respectively. Now, the results for G [2] n are represented by asterisks. The gain in order with j is again evident through the slopes of the lines in that figure. As for the size of the errors, the great decrease comes when changing j = 0 for j = 1. For all the values of k which we have proved, the errors with one modification of the boundaries are several orders of magnitude smaller. Then, a bigger value of j leads to smaller errors for the smallest values of the stepsize considered.
Finally, we have studied the computational cost of both methods with all the implementations considered. We remark that the performance of both methods improves clearly when the boundary values are successively modified. As expected, the method (3.13) (with q = 1) is better than the method (6.1) (with q = 0) when the usual implementation is used, corresponding to the use of G [0] n . When the stage boundaries are modified, (3.13) is still better than (6.1) for moderate values of the error (see Figure 3) . However, (6.1) is better when a smaller value of the error is required.
Conclusions
We would like to mention now the important advantages of the type of discretization suggested here when integrating regular problems in noncomplicated domains. First of all, when dealing with the spectral discretization in space suggested here, fractional step Runge-Kutta methods manage to reduce the cost of the LU factorization needed for the stages from O(J 6 ) arithmetic operations in the Runge-Kutta case to O(J 3 ) due to the fact that the FSRK time semidiscretization reduces the continuous problem to a set of essentially one-dimensional elliptic problems. Then, the forward and backward substitutions needed for the complete resolution of each stage means O(J 4 ) operations in the Runge-Kutta case and just O(J 3 ) in the fractionary step case. On the other hand, the spectral discretization in itself is very suitable for the same kind of problems, because it leads to really small errors in space. Finally, the fact that the reduction of order in time is completely avoided with the techniques in this paper leads to a very efficient method, mainly taking into account that the modifications needed to avoid that order reduction just mean O(J) operations at each stage (the number of nodes in the boundary). This means nearly nothing compared with the total required to advance a step (O(J 3 )) and it is one of the features which makes this technique better than others already in the literature.
